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ABSTRACT 

In this paper we construct a Cantor like set S from any sequence {e^} with 0< e„ <1 with the help of 
sequence {Sn} of subsets of [0,1] such that Sn => Sn+i,m(Sn) = n"=i(l - e,) and S = H 5„ with m(S) = 
nn=i(l ~ ^n) -Further X ^ n = °° if and only if m(S) = 0. Cantor ternary set comes out to be a particular case of 
construction of Cantor like sets by choosing e„= - for all n. Similarly we can construct Cantor - - set by 
choosing e„= - for all n. In the construction of Cantor - - set the length of remaining closed intervals at each 

stage are equal to (-)'', A: = 1,2,3, Also we can construct Cantor - - set by choosing e„= - for all n. 

Here in the construction of Cantor - - set the length of remaining closed intervals at each stage are equal to 
C-Y,k = 1,2,3, 
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Lemma 1:- Given any sequence { e„ } with 0< e„ <1,Y. e„ = °o if and only if lim„^oo n^=i(l - )= 0 
Proof :- First step: Let XJLi = °° 

Then we have to show that lim„^oo n"=i(l - )= 0 i.e.OJLiCl " )= 0 

Here we use 1- e < e" • 0 < e < 1 

l-ei<e"''i V 1=1, 2,3 

l-ei<e-^i 

1- ^2 <e-^2 



Multiplying all these inequalities we get, 

(l-fiXl-fz) (l-en)S e"^" 

ny=i(l-e/) S e-(-i+-^+ + -n) (1) 
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On the Construction of Cantor like Sets 
To show that lim„^^ XVj=iO- - )= 0, let e > 0 be given. Put M = log(- ). 
Since Y. then there is N such that for n > N => X;=i > M 

i:7=ie;>iog(i) 



e >e 



From equation (1) and (2) we get , 

ny=i(l -£j) <£ for all n > N. 
Thus lim„^^ n"=i(l - £j )= 0 

nr=i(i-f;)=o 

Conversely:-Let Yif^i £j < °° i ^- Z £j< °° is convergent. 

We show that hm^^^ n"=i(l - ) 5^ 0 . 

Let Pn = n^=i(l-ey) 

Since €j >0,€j¥^lV ] and X £;< °° ■ 

we choose N so large that % + i + < ^ (3) 

Then using induction we prove that for all n > N, (1 - %)(1- i) (1- e„) S [1- (e^v + 

For n = N, the inequahty is obvious. For n > N 

If (1 - %)(1- eN+i) (1- en) S [1- {e^ + +e„)] then 

(1 - l) (1- fn) (1 - fn+l) S [1- + +fn)l (1 " ^n+l) 

= [1- (% + +fn+l)l + fn+l(% + fn) 

Thus (1 - 1) (1- ^n) (1 " ^n+l) ^ [1" + 1+ ' ' ' ' +fn+l)l 
■■• By induction the inequahty holds for n > N 

i.e. (1 -%)(1-%+i) (1- fn) 2: [1- + + +e„)] for all n > N (4) 

Now by using equation (3) we get, 

(1-fn)S [1-^1= 

(1-e„)>i,n>N (5) 

Now for n > N, 

fN-l 

"y(l-ei)(l-e2)--(l-%_i) 



' Pn-1 

^ (1 - €,)a - fz) - (1 - %-i)(i - - 



= (1 - %)(1 - (1 - e„) > i ,n > N ( From equation (5)) 
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On the Construction of Cantor like Sets 

■■■ jtA '"^N 

■■•inf;,,,{^}>i ^0 (7) 

Consider 

^ - ^ = (1 - - 6,^,) (1 - e„) - (1 - - 6,^,) (1 - 



Pn- 1 Pn- 1 

■■• { } monotonic decreasing and bounded below by ^ . 
■■• glbn> n{ — } = lim — S - 
.-. hni P„ > i Pn-1 

.-. lim Pp =a Pn-1, where a> 1/2 

.■• lim„^oo n"=i(l - ej ) =a { Pn-i} , where a> 1/2 

=> n^i(l ~ ) is a positive number 

■■• lim„^oo n"=i(l -ej)*Q 

Lemma 2 :- 

IfO<e„<l,n>l,s„ = 61+62+ + e„and t„ = (1- (1- ^2) (1- ^n) then (1-5„)< 

" (l+Sn) 

Proof :- Given 

0 < e„< 1, n > 1, s„ = ei+ ^2+ + e„ and 

t„ = (l- ejd- 62) (l-e„) 

■■• t„ > 1 - (ei+ ^2+ + f n ) ( From equation (4) of Lemma 1) 

t„ > 1 - s„ 

•■. 1 -s„ < t„ (1) 

Now, 

.-. (l-ejd + ej <1 
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Similarly, (1- e2)< ^^^^ ^ 



Multiplying all these equations we get, 
(1- ei)(l- fz) (l-en)S- 



fl)(l + f2) (1 + fn) 

Now 

(1 + ei)(l + (1 + e„) = 1+(ei+e2+' • •+e„)+(eie2+eie3+' • ')+[e^e2e-i+' 

(1 + ei)(l + 62) (1 + e„) > 1+ 61+62+' • •+e„ 



Putting in equation (2) we get. 



(1- ei)(l- fz) (l-^")-r7;;77 



1 + ei+ £2 + e„ 

t„ < — — 
" (1+Sn) 

From equation (1) and (3) we get, 

(1-s„)< t„ < 



Corollary 3 :- 

If in addition lims„ = a and limt„ = p then (l-a)< p < . 
Proof :-By lemma 2 we get. 

Given lims„ =aandlimt„ = ^ 



Preposition 4 :- 

Given any sequence { e„ } with 0< e„ <l,there is a sequence { 5„ } of subsets of [0,1] such that 
=• ■^n+i MSn) = Wj=iO- " ^j) and S = 0 5„ is Cantor Uke set with 



m(S) = nn=i(l - fn) ■ 



www.theijes.com 



The IJES 



Page 52 



On the Construction of Cantor like Sets 

Proof :- 

Let I = [0,1] 

First stage : 

We remove middle open intervals /^ ^ of length from [0,1] 
i.e. intervals /,., = (M,^). 



The remaining two closed intervals are denoted by ^ = [0, ^ ] and 2= [ ^^-^-^,1 ].We get the set Si = 
71,1 U 71,2 with measure (1 - e^) i.e.m(Si) = (1 - e^) 



Now we remove two middle open intervals /i,2, ^2,2 of length (1 — e-^)e2 from the remaining two 
closed intervals ^ and 2 i.e. we remove 2 = ( '^^^'^^ '^^^ , '^^^'^^'^ '^^^ ) and 

/2 2 = ( ^ '^^ <^i)(.'^+ <^2) ^ 4 (1 ei)(i €2) J jjjg remaining four closed intervals are denoted by 

^= [0 (l^-'^i)(l^-'^2) | ^ = [ (l-gi)(l+g2) (1- gj) J 

=[Il±£l2 4- (l-gi)(l+g2) I y^^_^ 4- (l-6i)(l-g2) .| J 

.-. Length of removed intervals = m(/i 2) + ni(/2,2) = (1 - ^1)^2 < (1 - ^i) 

We get the set S2 as union of remaining four closed intervals i.e. S2 = 72 1 U J22 ^ J23 ^ J24 with measure 
(1- ei)(l- e2)i.e.m(S2)= (1- £2) 

■■• 5i =)S2 

Third stage : 

Now we remove four middle open intervals /-L 3, /2_3,/3_3,/4_3of length (1— ei)(l — 62)^3 from the 
remaining four closed intervals 72,i 72,2 72,3 ™d 72,4 i-^- we remove 

J _ ^ (l-ei)(l-e2)(l-g3) (l-ei)(l-e2)(l+g3) ^ 

J^^ (l-gi)[4- (l-e2)(l+g3)] (l-ei)[4- (l-e2)(l-g3)] | 

_ , 2(1+ ei) + 4 - (1- ei)(l+ £2 + e3-f2e3) 2(1+ ei) + 4 - (1- ei)(l+ £2 " e3+f2e3) ^ 

_ , 8- (1- ei)(l- e2)(l+ <?3) 8- (1- ei)(l- e2)(l- £3) ^ 
'4,3- [ . I 

The remaining four closed intervals ai'e denoted by 73 i= [ 0, '''^ ^^'''''^ J^'''^^ ], 

, _r (l-ei)(l-e2)(l+<?3) (l-ei)(l-e2) , , _ r (l-ei)(l+e2) (l-ei)[4- (1- e2)(l+ <?3)] , 
73,2-L . 2 J. 73,3 - L 2 . J. 

^ (l-gi)[4- (l-e2)(l-e3)] (1-ei) ] J^^ = [ ^i) 2(1+ ^i) + 4 - (1- ei)(l+ 62 + e3-g2g3) j 
73 6 " [ ^'"^^ + ^ ~ '^1)'^^+ "^2 - g3+g2e3) 4- (l-ei)(l+e2) | 

y^ ^ _ J 4- (l-ei)(l-e2) 8-(l-ei)(l-62)(l+g3) ] y^ g= [ 8-(l-gi)(l-g2)(l-g3) .| ] 
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Now, 

Length of removed interval = m(/i 3)+m(/2,3)+m(/3 3)+m(/4 3) 

=(1- fi)(l- e^)e^<{l- e^){l- e^). 

We get the set ^3 = ]-^ ^ U 2 U /s.s U 73,4 U /s.s U /s.e U /s.y U /s.s with measure 

(1- ei)(l- e3)'i.e. m(53) = (1 - e^){l - e^)^! - e^). 

Continuing in this way we can construct 5„ , n > 4 of measure (1 — e{){l — e2)(l — 

f3) (1- e„). 

.-. m(S„)=(l- €2){1- £3) (1- e„) =n?=i(l- f/) 

Then => S2 => S3 => S4 => 

If S = n„"=iS„ then m(S) = lim„^^ m(S„) 

= nn=l(l- fn) 



Conclusion :- Using this Cantor like set we can construct different Cantor Uke sets by varying or fixing e„. 
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